The main purpose of this paper is to introduce the fuzzy numerical range of operator on fuzzy Hilbert space and to study some its properties. Then by applying this concept, we study a version of the problem of the best approximation in fuzzy Hilbert operator spaces.
Introduction
In studying fuzzy topological vector spaces, Katsaras [11] in 1984, first introduced the notion of fuzzy norm on a linear space. Felbin [5] introduced an idea of a fuzzy norm on a linear space by assigning a fuzzy real number to each element of the linear space so that the corresponding metric associated this fuzzy norm is of Kaleva type [10] fuzzy metric. In 1994, Cheng and Mordeson [3] introduced another idea of a fuzzy norm on a linear space in such a manner that the corresponding fuzzy metric of it is of Kramosil and Michelek type [12] . Other papers [6, 7, 13] have appeared to study various properties of these types of fuzzy normed linear spaces.
Felbin introduced an idea of fuzzy bounded linear operators over fuzzy normed linear spaces and defined fuzzy norm for such an operator. In this paper we use of the definition of fuzzy inner product and a new norm of on operator introduced by M. Saheli, A. Hasankhani and A. Nazari in [9] . They considered the norm of the operator defined in [1] by T. Bag and S.K. Samanta. We introduce the notions of numerical range of linear operators on fuzzy Hilbert spaces and show some properties them. Veeramani [17] , Vaezpour and Karimi [16] introduced the concept of t-best approximations in fuzzy metric spaces and fuzzy normed spaces. In this context we investigate another kind of best approximations in fuzzy bounded linear operator spaces over fuzzy Hilbert spaces.
Preliminaries
In this section some definitions and preliminary results are given which will be used in our paper. (N 1 ) there exists t 0 ∈ R such that η(t 0 ) = 1.
The set of all fuzzy real numbers is denoted by F (R). Since each r ∈ R can be considered as the fuzzy real numberr ∈ F (R) defined bỹ
it follows that R can be embedded in F (R).
Lemma 2. η ∈ F (R) if and only if η : R → [0, 1] satisfies (i) η is normal, i.e. there exists an x 0 ∈ R such that η(x 0 ) = 1
(ii) η is fuzzy convex, i.e. η(αx + (1 − α)y) ≥ min{η(x), η(y)} for all x, y ∈ R and for all α ∈ (0, 1)
Definition 3.
[10] The arithmetic operations ⊕, ⊖, ×and \ on F (R)×F (R) are defined by
In this paper, we denote the symbol η 2 to replace η × η.
Definition 4.
[10] Let η ∈ F (R). If η(t) = 0 for all t < 0, then η is called a positive fuzzy real number. The set of all positive fuzzy real numbers is denoted by F + (R), and real number η − α ≥ 0 for all η ∈ F + (R) and all α ∈ (0, 1].
, be a given family of non-empty intervals. Suppose
Then the family [a α , b α ] represents the α-level sets of a fuzzy real number η in
are α-level sets of a fuzzy real number F (R), then the conditions (a), (b) and (c ) are satisfied.
Definition 7.
[10] The absolute value |η| of F (R) is defined by
Definition 8.
[9] For a positive fuzzy real number η define √ η = γ, where
Definition 11. A subset A of F (R) is said to be bounded from above if there exists a fuzzy real number η, called an upper bound of A, such that ν ≤ η for every ν ∈ A. u is called the least upper bound or supremum of A if u is an upper bound and η ≤ η i for all upper bounds η i . Similarly, a lower bound and the greatest lower bound or infimum are defined. A is said to be bounded, if it is both bounded from above and below. 
for all for all x, y ∈ X and α ∈ (0, 1], whenever F 4 R holds.
In the sequel we fix L(s, t) = min(s, t) and R(s, t) = max(s, t) for all s, t ∈ [0, 1] and we write (X, . ) or simply X when L and R are as indicated above. The following result is an analogue of the triangle inequality.
Theorem 14. [18]
In a fuzzy normed linear space (X; ||.||), the condition F 4 is equivalent to
The function f : X −→ F (R) is called fuzzy convex if for each x, y ∈ X and each λ ∈ (0, 1),
Definition 16.
[2] Let f : X → F (R) be a fuzzy mapping. f is upper semi-continuous at a point x 0 ∈ X if for any ε > 0, there exists a δ > 0 such that
for all x ∈ X and x − x 0 ≤ δ. f is said to be upper semi-continuous on X if it is upper semi-continuous at each point of X.
In [14] Yu-Ru Syaua, Ly-Fie Sugiantob, E. Stanley Leec stated that this concept of upper semicontinuity is essentially same as if both F (x) + α and F (x) − α are upper semicontinuous at x 0 uniformly for α ∈ (0, 1].
Definition 17. Suppose X is a fuzzy normed space and T : X → X is an operator. The operator T is called fuzzy bounded if for all x ∈ X we have
Definition 18.
[9] Suppose T : X → X is a fuzzy bounded. Define fuzzy operator norm of T in form follows
Definition 19.
[9] Let X be a vector space over R. A fuzzy inner product on X is a mapping such that for all vectors x, y, z ∈ X and all r ∈ R, we have: i) x, x =0 if and only if x = 0, ii) x, y = y, x , iii) x + y, z = x, z ⊕ y, z , v) rx, y =r x, y , for x ∈ X,r ∈ R, iv) for x = 0, inf 0<α≤1 x, x − α > 0. The vector space X equipped with a fuzzy inner product is called a fuzzy inner product space.
Lemma 20. [9]
A fuzzy inner product space X together with its corresponding norm . satisfy the Schwarz inequality | x, y ≤ x × y , for all x, y ∈ X.
Main results
Let (H, ) be a fuzzy Hilbert space with by inner product . The set of all fuzzy bounded linear operators T : H → H is denoted by B(H). At first, we introduce the notions of numerical range of linear operators on fuzzy Hilbert space H. Then we give results of best approximation in the space.
Lemma 21. Let f, g ∈ B(H) and {x n } ∈ H be such that
exist. Then η xn , where
is a fuzzy real number.
Proof. Since the inner product is a fuzzy real number and
Now by taking lim and sup on β, we have 
Also since
(b) Let {a k } be a increasing sequence in (0,1] converging to α. Then we have
Hence lim (c) By assumtion, for all α ∈ (0, 1],
Thus by Lemma 6, η xn is a fuzzy real number.
Suppose T ∈ B(H).
We denote by Z T the following set:
Definition 22. The numerical range of f relative to g which is denoted by W (f g) is defined as follows:
Note that W (f g) is non-empty, to see that by the definition of the operator norm that there exists a sequence of unit vectors {x n } ∈ H such that {x n } ∈ Z f . Therefore, since lim n→∞ f (x n ), g(x n ) − α and lim n→∞ f (xn),g(xn)
is a bounded sequence, there exists subsequences n kα that converge to some λ α , β α ∈ R. Let
By Lemma 21 η xn kα ∈ W (f g), and thus W (f g) is non-empty.
Proposition 23. Let f, g ∈ B(H). Then W (f g) has an upper bound.
Proof. Let η xn ∈ W (f g), for α ∈ (0, 1] and β < α, from (1) and by Schwarz inequality we have
By taking limits on n and sup on β < α we have
Similarly we can show that η xn α
J. Fang, H. Huang, and Talo improved the expressions of the supremum and infimum, limit inferior and limit superior of a bounded sequence of fuzzy real numbers on the concept Goetschel and Voxman [8] . In the following we give the expressions for endpoints of level sets of the supremum and infimum same as that given in [4, 15] . Let f, g ∈ B(H), and t n ∈ R such that t m → 0 + consider the norm derivatives
Lemma 26. Let f, g ∈ B(H). Then,
Proof. Suppose {x n } ∈ Z f , we get
setting m → ∞, and taking lim sup, then
Theorem 27. Let U be a closed convex subset of B(H), f ∈ B(H) \ U , g 0 ∈ U and Z f −g 0 = {{z n }, {−z n }}. If for each h ∈ U , sup W ((f − g 0 )(g 0 − h)) − α ≥ 0, for α ∈ (0, 1].
Then f − g 0
Proof. Suppose the inequality (6) holds and let {x n } = {z n } or {−z n }. Then for α ∈ (0, 1] we have
The (7) implies that lim 
But it is a contradiction with (7) is true for α ∈ (0, 1]. Therefore we have
